


quality is high: relaxation techniques are fundamentally slow be-
cause they have to solve, often iteratively, the problem of neighbor-
hood determination of each point with respect to all others. Even
the most advanced and optimized implementations remain slow.
The hardware-assisted implementation of Lloyd’s relaxation [Hoff
et al. 1999] is faster but is limited by the resolution of the frame
buffer. Some techniques use a form of stochastic sampling (dart
throwing), such as the method proposed in [McCool and Fiume
1992], where random points are added or rejected according to the
proximity to previous points. Due to the low convergence rate of
these methods, their running times are at best in the same order as
Lloyd’s. These methods are strictly descending and can be very
sensitive to the initial point set.

Other approaches employed in digital halftoning, known as error-
diffusion techniques (see [Ulichney 1987], [Ostromoukhov 2001],
[Zhou and Fang 2003]), are considerably faster because only a very
limited neighborhood of each point is examined. An example of ef-
�cient usage of error-diffusion in geometry processing has been ex-
ploited in [Alliez et al. 2002]. The main drawback of error-diffusion
is the discrete nature of the elements on which it operates: they must
be rectangular tiles with �xed spatial resolution. This limits con-
siderably the use of error-diffusion as a general-purpose sampling
technique for computer graphics, where multi-resolution sampling
is often needed. This drawback has been explicitly mentioned in
[Surazhsky et al. 2003] where Lloyd’s relaxation was preferred to
error-diffusion.

Another fast sampling technique that could compare to ours in
terms of running times would be to use a cumulative density func-
tion (CDF), generated from the probability density, and to sample
it with a strati�ed Monte-Carlo technique. Although such an ap-
proach can generate points that re�ect the required local density,
they do not follow the desired blue-noise distribution, as shown in
Figure 13. Recently, [Secord et al. 2002] have used a similar ap-
proach, using some well-known low-discrepancy sequences such
as Halton and Sobol sequences (see [Niederreiter 1992] combined
with CDF, in order to distribute graphics primitives at interactive
rates, in an NPR context. Although this deterministic approach is
very promising, the convincing multi-purpose results have yet to be
seen (see Figure 13).

In this paper, we introduce a novel Penrose tiling-based importance
sampling technique that presents certain advantages over existing
techniques. It belongs to the family of point sampling, that is, each
point is processed independently of other points. The treatment
for each point is simple and computationally inexpensive, which
guarantees the very high speed of our algorithm. Moreover, thanks
to off-line optimization and to a specially designed lookup table,
the quality of the sampling is high, approaching the quality of cen-
troidal Voronoi tessellations. The size of the lookup table is reason-
ably small (typically, less than 1K of data). No data-dependent pre-
calculation is needed. Our technique is multi-resolution and can be
successfully applied on high dynamic range images (we illustrate
this in Section 5).

The rest of the paper is organized as follows. In Section 2, we recall
some historical facts and properties of Penrose tiling. In Section 3
we describe the core of our sampling system. In Section 4, we en-
rich the basic technique with an advanced relaxation that produces
an almost perfect blue noise Fourier spectrum at all importance lev-
els. In Section 5, we apply, as a case study, the proposed technique
to importance-based environment mapping. Finally, in Sections 6
and 7, we discuss future work and draw some conclusions.

2 Penrose Tiling

The history of Penrose tiling is fascinating. It goes back to the work
of Johannes Kepler, a 17th-century astronomer and mathematician.

Figure 2: Left: Kepler’s drawing from Harmonice Mundi published
in 1619. This tiling inspired Roger Penrose to discover his ape-
riodic tiling composed of two marked rhombs (top right). Tiles
from his original 1979 article contain arrows as matching rules that
force the aperiodicity of the tiling. Bottom right: Optical Fourier
transform of the vertices of Penrose tiling obtained in 1982 by Alan
Mackay.

Figure 3: Left: Original Penrose tiling with two kinds of rhombs.
Right: An alternative representation of the same tiling, where the
rhombs are split in two halves, and the pentagons of two kinds are
placed at the vertices of the original tiling.

In his book Harmonice Mundi, he published an atlas of various
tilings with regular polygons. One of them, shown in Figure 2
(left), excited the imagination of many mathematicians over a long
period. Is it possible to tile the plane only with regular pentagons,
decagons, and �ve-pointed stars? According to Kepler’s drawing,
it was possible if one permitted also strange peanut-shaped �gures
(�monsters�), such as the one visible underneath the label �Aa�.

In the early 1970s, a modern physicist and mathematician, Roger
Penrose, was mesmerized by Kepler’s drawing. He modi�ed it in
such a way that he was able to tile the plane non-periodically with
a similar set of tiles. And he did much more: he found that intro-
ducing special matching rules such as marks on the edges of the
tiles will preclude any periodic arrangements of the tiles. Still, the
tiling shows a clearly identi�able local order. This tiling belongs
to the family of aperiodic structures, i.e., structures whose non-
periodicity is forced by the matching rules. Penrose published a
�rst account of his discovery in [Penrose 1974]. Later, Penrose
published a paper where he presented three different but tightly re-
lated aperiodic tiling systems with matching rules [Penrose 1979].
One of them, shown in Figure 2 (top right), has only two extremely
simple shapes, two different rhombs with matching rules. In 1977,
Martin Gardner published in his column in Scienti�c American, an
enthusiastic account of Penrose’s discovery [Gardner 1977]. After
Gardner’s publication, Penrose tiling became well-known to a large
number of mathematicians, physicists, and chemists.

The Penrose tiling with rhombs shown in Figure 2 (top right) and in
Figure 3 (left) has attracted special attention, due to its simplicity.
In the early 1980s, Alan Mackay generalized the Penrose tiling to
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Figure 4: Subdivision rules for modi�ed Penrose tiling, as shown
in Figure 3 (right). The Golden Ratio f = 1+
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three dimensions. He also performed an optical Fourier transform
of the pattern of holes perforated at the vertices of Penrose tiling
(see Figure 2 (bottom right), reproduced from [Mackay 1982]).
This picture caused a sensation. In fact, it looks like a Bragg diffrac-
tion pattern, but it clearly violates a well-established principle, the
so-called crystallographic restriction, which states that a diffraction
pattern of a crystal may have only a two-, three-, four-, or six-fold
rotational symmetry. The pattern obtained by Mackay in fact had
ten-fold rotational symmetry! A new science of quasicrystallogra-
phy was born. In 1984, Shechtman and his colleagues synthesized
a new matter, a quasicrystal, that had a diffraction pattern close to
that predicted by Mackay. It was the �rst time in human history
that a new kind of matter was predicted and analyzed before being
physically synthesized in the laboratory. Since then, hundreds of
papers on quasicrystals have been published. A corpus of funda-
mental papers on the physics and mathematics of quasicrystals can
be found in [Steinhardt and Ostlund 1987]. Gr¤unbaum and Shep-
hard, in their theory of tiling bible [Gr¤unbaum and Shephard 1986],
devote a whole section to Penrose tiling, where they provide a de-
tailed analysis.

Alternatively, Penrose tiling with rhombs can be represented as a
tiling with six shapes: both �fat� and �thin� rhombs are split into
two triangular halves, as shown in Figure 3 (right). In addition, reg-
ular pentagons of two kinds, which we also call �sampling tiles�
are placed at each vertex of the original Penrose rhombs. The pen-
tagons play the role of matching rules that enforce aperiodicity. The
tiling can be achieved by applying on each tile the subdivision pro-
cess as shown in Figure 4 (Gr¤unbaum and Shephard call this sub-
division �in�ations�). Geometrical proportions for all sides during
the subdivision process are shown in Figure 4. Note that the size of
the pentagons with respect to the triangles does not matter. Without
loss of generality the pentagons can be taken to be in�nitesimal,
and the half-rhombs are triangular. The positions and orientations
of tiles, schematically represented in Figure 4 by pairs of orthogo-
nal vectors that form the basis for each tile, are important for our
construction.

Penrose tiling has attracted our attention for several reasons. First,
it is obvious from a glance at Mackay’s optical Fourier transform

shown in Figure 2 (bottom right) that it is surprisingly close to the
blue noise spectrum, a goal we �xed for our sampling system. In
fact, annuli of spectral peaks around the DC term are clearly visible.
Second, it can be easily observed that the pentagons obtained at one
level of subdivision are enriched by the pentagons of the next level,
which are placed between the pentagons of the previous level (see
Figure 5).
Although another famous aperiodic tiling, Wang tiling, has recently
been successfully exploited in computer graphics for the generation
of Poisson distributions of points [Hiller et al. 2001], [Cohen et al.
2003], Penrose tiling has been used only in the context of visualiza-
tion of decorative properties of the tiling (see for example [Glassner
1998]).

Level n Level n+1Levels n & n+1
Superimposed

Figure 5: Two consecutive subdivision levels of Penrose tiling. Red
dots mark sampling tiles of level n, blue dots � that of level n+1.

3 Two-dimensional Penrose-based Hierar-

chical Importance Sampling

Let us consider the Penrose subdivision process shown in Figure 4
as a recursive subdivision process. A special binary code called
F-code is assigned to each tile. This subdivision process can be
described by the following production rules:

PPenrose :=
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a� 7! fb00�g
b� 7! fa00�g
c� 7! f f00�;c10�;a10�g
d� 7! fe00�;d10�g
e� 7! f f00�;c10�;e01�;a10�g
f� 7! fe00�;d10�; f01�;a01�g;

(1)

where xy means a tile of type x having F-code y. The symbol ‘�’
replaces the F-code of a tile before subdivision. Each subdivision
left-concatenates two symbols to the current F-code. Thus, after
n subdivisions, the F-code will have the length of 2n symbols. F-
codes can be interpreted as integer numbers in the Fibonacci num-
ber system as described in [Knuth 1997] and [Graham et al. 1994].
Appendix B provides some basic facts about the Fibonacci number
system, together with the pseudo-code of the routine FIBOTODEC-
IMAL that converts F-codes to the conventional decimal representa-
tion.
Figure 6 shows the �rst three subdivisions applied to a pair of tiles
of type ‘e’ and ‘f’ (top left).

Three important observations can be made:
� Decimal numbers that correspond to F-codes assigned to pen-

tagonal sampling tiles of type ‘a’ and ‘b’ are all in the range
[1::(F2(n+1)�1)], where n is the subdivision level of the initial
tiles, and Fi are the Fibonacci numbers.

� Successive subdivisions enrich sampling points obtained with
the previous subdivisions, putting new sampling points in be-
tween.




